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Abstract
Yang-Mills theory is studied in a variant of 't Hooft's maximal Abelian gauge.
In this gauge magnetic monopoles arise in the Abelian magnetic eld. We
show, however, that the full (non-Abelian) magnetic eld does not possess
any monopoles, but rather strings of magnetic uxes. We argue that these
strings are the relevant infrared degrees of freedom. The properties of the
magnetic strings which arise from a dilute instanton gas are investigated for
the gauge group SU(2).
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1 Introduction
Connement may be realized through a dual Meissner eect [1]. This connement
scenario assumes that the QCD ground state consists in a certain gauge of a conden-
sate of magnetic monopoles. Such a dual super-conductor squeezes the color electric
eld between color charges into ux tubes and in this way provides connement.
This connement scenario seems to be realized in super-symmetric models [2].
Although this idea dates back almost twenty years, recent developments in
numerical simulations of lattice gauge theory provide the environment to test such
ideas in a quantitative manner. The main ingredient in a derivation of the dual
Meissner eect is the Abelian projection. Let us briey illustrate this procedure
for later use. The starting point is the Cartan decomposition of the gauge group







(x) is decomposed into an Abelian part u

(x) and a coset part
M

(x). The latter contains the gluonic eld A
ch

, which is charged with respect to
the Cartan-group. Lattice calculations provide support for the notion that in the so-
called maximal Abelian gauge [10], the Abelian eld components and in particular
the magnetic monopoles dominate the infrared physics (Abelian dominance) [4] and
that those charged gluon elds A
ch

which are assumed to be free of topological
obstructions, can be perturbatively taken into account. In particular, for the tension
of the string connecting static sources in the fundamental representation, the Abelian
lattice congurations reproduce about 92% of the string tension and furthermore
95% of this part comes from the magnetic monopoles alone [5].
Despite the success at hand, recent studies cast doubt onto the widespread
belief in Abelian dominance. From the analytical approach to nite temperature
Yang-Mills theory of [6], supplemented by numerical results, the authors concluded
that the Abelian projection provides correct qualitative features, whereas it fails at
a quantitative level. To be more precise, lattice measurements reveal that the ten-
sion of the string between static sources of representation R is proportional to the
quadratic Casimir C
R
[7] (Casimir scaling). The Abelian dominance approximation
obviously fails to reproduce this observation, since e.g. quarks in the adjoint repre-
sentation possess Abelian charge zero, and hence the string tension in the Abelian
approximation is zero in contradiction to the full lattice result [8]. This result in-
dicates that the contributions of the charged elds A
ch

to physical quantities are
not negligible even in the infra red. This fact is conrmed by a large-N analysis
of SU(N) Yang-Mills theory [9]. It was observed that the forces between Abelian{
charged and between Abelian{neutral sources possess the same order of magnitude.
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In this paper, we will provide further evidence that the charged gauge elds A
ch

contribute to the partition function in a topological by non-trivial manner.
There is also evidence from other lattice calculations that the magnetic monopoles
obtained in the maximal Abelian gauge need not be the most ecient infra red
degrees of freedom. In the lattice study reported in [8], the Abelian gauge eld is
brought as close as possible to a Z
2
gauge eld by xing the residual U(1) gauge sym-
metry. Assuming that this gauge eld is the only relevant infra red degree of freedom
(center dominance), the string tension of quarks in the fundamental representation
1
was reproduced to high accuracy. This result suggests that the QCD vacuum is as
well described in terms of vortices as by a condensate of monopoles.
In this paper we will show in a variant of 't Hooft's maximal Abelian gauge









, and therefore highly gauge dependent. We will nd that the full
(non-Abelian) magnetic eld strength does not contain any monopoles. The Abelian







the eld strength tensor. The full eld strength, which is the relevant quantity in the
partition function, possesses magnetic strings, which are the leftovers of the Dirac
strings of the Abelian monopole eld. We further argue that it is these strings rather
than the magnetic monopoles which are the dominant infrared degrees of freedom.
Finally, we discuss in detail the strings occurring in a dilute instanton medium.
The paper is organized as follows: in the next section, we will discuss the
emergence of magnetic monopoles as artifacts of incomplete gauge xings which
leave a residual Abelian invariance. For a particular choice of the Abelian gauge
xing, we extract the magnetic string attached to the monopole. In section 3, we
will show that the monopoles drop out from the full eld strength while the string
survives. We will argue that these strings are the relevant infra-red degrees of
freedom. In section 4, the distribution of the string length will be investigated in a
dilute instanton gas. Our conclusions will be left to the nal section.
2 Topological Properties of monopoles
In what follows we briey explain the emergence of magnetic monopoles in Abelian
gauges and discuss their topological properties [1, 10]. We will nd that the charges
of these monopoles are quantized on topological grounds. Furthermore we will clarify
in which respect these monopoles dier from the magnetic monopoles in classical
electro dynamics.








T , which lives in the Lie algebra of
the gauge group G = SU(N) and transforms homogeneously under gauge transfor-
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where (x) = diag (
1
; : : : 
N




living in the Car-
tan sub-algebra. Mathematically, eq. (2) means that the eld  is conjugated into
the maximal torus. Eq. (2) does not x the gauge uniquely but still leaves invari-
ance under transformations of the Cartan subgroup H = [U(1)]
N 1
. Consequently
the gauge function 
(x) is dened only up to an element of the Cartan subgroup.
In fact the transformation 
(x)! t(x)
(x) with t(x) 2 H does not change the eld
. Consequently the gauge transformation 
(x) can be restricted to the coset space
G=H. At those points x = x where two eigenvalues of (x) coincide, the gauge
function 
(x) is not well dened. Without loss of generality we can arrange the
eigenvalues of  in such a way that the two degenerate eigenvalues correspond to a
SU(2) subgroup. In this case, it is obvious that these eigenvalues have to vanish at
the degeneracy point x . For simplicity let us conne ourselves in the following to







are the Pauli matrices. The gauge transformation 
 which
diagonalizes  can be chosen as

 =  i^~ ; ^
2
= 1 ; (3)


















Then the degeneracy points correspond to vanishing eld congurations (x = x) =









with some constants C
a
i

















. As shown by 't Hooft [1]
(see also [10, 11]), the gauge transformation which diagonalizes the hedgehog eld






























develops a magnetic monopole at the degeneracy points x = x.
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By Gau' theorem this ux vanishes since @ = 0 unless the gauge potential is
singular somewhere on the surface . If the initial eld conguration A
i
(x) was
smooth, then the rst term in (6) will have no singularities. The magnetic monopole








, and only this term contributes to























For later convenience let us also introduce the normalized eld
^
(x) dened by the













(~x) = 1 this eld
denes a surface S
2




(~x) is well dened
except at those points x = x where the eld (~x) (4) vanishes. We have therefore
to exclude the position x from the manifold on which
^
(~x) is dened, i.e. the eld
^
(~x) is dened on the manifold R
3
  fxg, which is topologically equivalent to S
2
.
Hence the chiral eld
^
(~x) denes a mapping from S
2
in coordinate space to the
unit sphere S
2








) = Z such






























are coordinates of the S
2





















(~x) 2 SU(2)=U(1) ' S
2
. With this representation it is straightforward to
show that the magnetic ux (9) divided by the volume of the unit sphere S
2
, 4,
coincides with the winding number (10), i.e. m=4 = n[
^
]. This implies that the
magnetic charge of the monopole is quantized in integers. This result was already
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found in [10]. Note, however, that our denition of the magnetic charge diers from
that in [10] by a factor of two.
Let us emphasize that the quantization of the magnetic monopoles arising in
the Abelian gauge of non-Abelian gauge theories already occurs at classical level on
purely topological grounds. This is dierent from the Dirac quantization of magnetic
monopoles in QED. In the latter case, the quantization of magnetic charge results in
the presence of an integer electric charge from the uniqueness of the wave function .
In order to calculate the magnetic charge (9), we have tacitly assumed that the
gauge transformation 
(~x) is well dened in coordinate space except at the point
x = x. A glance at (4) shows that this is not the case, but 
 is ill-dened along a
string attached to the monopole, which is just the pendant of the Dirac string in
classical electro dynamics
2
. To be precise, the vector ^
a
is singular for 
3
+  = 0.
Let us notice that this condition is in fact three constraints, which dene the region
in coordinate space where the gauge transformation (3) is not dened, i.e.

1
(~x) = 0 ; 
2
(~x) = 0 ; 
3
(~x)  0 : (12)
Whereas the rst two equations generically select a line in space, the last condition of
(12) chooses segments on this line. We therefore conclude that the regions where the
gauge transformation (3) is ill-dened corresponds to strings which in most cases
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will have nite length. At the end-points of these strings, the equality holds in the
last constraint of (12) implying that Abelian monopoles occur at the endpoints of
the string. By performing an Abelian gauge transformation 
 ! t
; t 2 H, the
string can be arbitrarily deformed.
Let us illuminate the emergence of the string in more detail. For this purpose,
we conne ourselves to the region of space close to the Abelian monopole. As
discussed before, the gauge xing eld
^
 (5) then takes a hedgehog form. Without






























. In this case, the gauge transformation (3) is ill-dened on the
negative x
3
-axis. In order to extract the B-eld conguration which is induced by





























The above evaluation of the magnetic ux of the monopole assumes that the point where the
string pierces the surface is excluded. Inclusion of this point would yield zero net magnetic ux
out of the sphere, since the ux of the string is oppositely equal to the total ux of the magnetic
monopole, see also below.
3
Details will be presented in the next section.
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the regularized gauge eld (14).
Introducing polar coordinates (r; ; '), the Abelian magnetic eld (7) is given for

































are the unit vectors in radial and x
3
-direction, respectively. Removing
the regulator  in (15), one easily veries by calculating the magnetic ux through
the plane x
3




















where (x) is the step-function. The rst term at the r.h.s. of (16) is precisely
the Abelian monopole eld. The second term represents the magnetic string lying
on the negative x
3
-axis. From eq.(16), it is obvious that the magnetic ux of the
monopole owing out of the sphere equals the ux of the magnetic string owing
into the sphere.
7
3 Monopoles versus strings




the Abelian magnetic eld B
i
(7), arising








, develops a magnetic monopole at
those points at which  = 0. In fact, we have seen that the employed gauge
transformation is such that the quantity A
i
gives rise to a magnetic monopole eld
with a string attached. Contrary to classical electrodynamics, in the present case
the string is not an artifact of a coordinate singularity but physically meaningful.
Let us explain this fact in more detail.
In classical electrodynamics the primary quantity is the magnetic eld
~
B of the







while the gauge potential
~
A itself has no physical meaning.
The (Dirac) string arises when one tries to represent the magnetic eld of the















A = 0 for any regular function, the gauge potential
~
A has to
be singular in order to produce a magnetic monopole eld (17), and the Dirac string
arises. As we discussed in the previous section, the magnetic ux owing through
the Dirac string into the monopole is the same as the ux of the monopole eld, and
the monopole eld together with the Dirac string gives rise to continuous magnetic





B = 0. In this case, one has to exclude the magnetic eld of the Dirac
string in order to be left with the net magnetic monopole eld satisfying (17). In
this sense, the Dirac string is not a physical object in classical electrodynamics
4
.
On the other hand, at quantum level the gauge potential itself becomes phys-
ically meaningful. It is this quantity which denes the quantum theory in both the
operator and the functional integral approach. Furthermore, there are phenomena
in topologically non-simply connected spaces, such as the Bohm-Aharonov eect,
which cannot be exclusively described in terms of eld strengths, but require resort
to the gauge potential. Hence, in the quantum theory the string of the monopole
eld cannot be discarded.
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In fact, the emergence of the Dirac string can be avoided by using the Wu-Yang construction,













= 0 plane, and it is this discontinuity
in the gauge potential which then provides the net magnetic ux of the monopole eld. Note also








Let us now consider the non-Abelian gauge theory and assume that we initially work
in a gauge (e.g. A
0
= 0) in which all elds congurations are smooth. The magnetic
monopoles here arise when we bring (originally smooth) gauge congurations into





is equivalent to the smooth starting gauge potential A

(x) and there













develops a magnetic monopole,
there is no reason to exclude the corresponding string.
The string contributes to the Abelian magnetic ux (8) and cancels the contri-
bution from the monopole (point) singularity as is easily checked by inserting (16)
into (7,8).
Let us emphasize that the magnetic monopoles arise only in the Abelian mag-








. At quantum level, there is a priori no
reason to consider the Abelian magnetic eld only. This is because the weight of
a gauge potential in the partition function is determined by its full (non-Abelian)








is a pure gauge in
that region of coordinate space where 
























































vanishes except at those points where 
(~x) is singular. Thus we expect a non-zero
color-magnetic eld B
i
only along the string singularity, and in the remaining part




] has to compensate




A. This can be explicitly demonstrated by using
the regularized gauge potential A
i
(14) of the monopole eld and calculating the
full (non-Abelian) magnetic eld strength (19), see g. 1. The monopole eld has
in fact disappeared, leaving only an extended string-like magnetic eld. In the limit
where the regulator is removed, one obtains a string of magnetic ux. Thus, instead
of a gas of Abelian monopoles, we are left with an ensemble of strings.
Obviously, the magnetic strings transform homogeneously under regular gauge
transformations. In this respect, the ux strings are more convenient variables than
the monopole potentials. Lattice calculations have revealed that in the maximal
Abelian gauge magnetic monopoles are the dominant infra red degrees of freedom
at least for some observables, e.g. the tension of the chromo-electric string be-
tween quarks in the fundamental representation [4]. Since any magnetic monopole
is connected to a string, we can alternatively consider these strings as the infra red
dominant degrees of freedom. In fact, on a lattice magnetic monopoles are identied
by measuring the magnetic ux of the corresponding string [12].
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To summarize this section, we have shown that a string of magnetic eld strength
is attached to the monopoles in the Abelian magnetic elds which arise in Abelian
gauges. In addition, one nds that the monopole eld cancels in the full color-
magnetic eld, whereas the color-magnetic string survives. As long as we assume
that in the quantum theory the gauge potential is the primary quantity (and not the
eld strength, as is argued in classical electro dynamics), the string must be regarded
as an eective degree of freedom. Lattice theories which were designed to focus on
the role of the Abelian monopoles by adopting proper gauges, have revealed that
these monopoles play an important role for the connement mechanism. Knowing
about the intimate relation between the strings and the monopoles in particular
Abelian gauges, it is tempting to assume that the magnetic strings are in fact the
dominant infra red degrees of freedom. Thus, instead of a gas of monopoles, we are
left with an ensemble of magnetic strings. To investigate the properties of such a
string-dominated Yang-Mills vacuum as well as to study its impact for connement




vortex condensation theory [13], we expect a non-trivial contribution of a
string to the Wilson loop whenever the string pierces the loop area. It is therefore of
particular interest to study the length distribution of the strings in the Yang-Mills
vacuum. Since we do not know the eld congurations which dominate the ground
state, we must resort to a model description. At this stage of the investigation,
we assume for simplicity that the Yang-Mills vacuum is given by a dilute instanton
gas. In what follows, we will study the strings which arise by casting the instanton
medium into an Abelian gauge.














[A] is the squared eld strength tensor evaluated with the gauge eld
conguration A

(x) under consideration. Literally, eq. (20) is the time average of
the zeroth component of the gauge potential, where F
2
acts as a measure for the
averaging procedure. It is obvious that a time independent gauge transformation

(~x) suces to cast an arbitrary (time dependent) conguration into the gauge (20).
Hence, the results of the previous sections apply also in the present case. Note that
dierent powers of the eld strength tensor in (20) are possible as well. Dierent
choices correspond to dierent gauges.





Figure 2: Schematic g-
ure showing the magnetic
strings produced by two in-
stantons and the correpond-
ing monopoles.
































































) is an orthogonal matrix which denes the orientation of the (anti-






) is the position of the kth (anti-) instanton. We have
assumed that the instantons possess an unique radius , which is not an unrealistic
assumption [15]. Note that the conguration (21) is an approximate solution of the
Yang-Mills equation of motion if the instanton distances are large compared with .
Here, we do not want to construct the lowest action solution which might serve as
candidate for the (semi-classical) vacuum of Yang-Mills theory, but we would like
to discuss the properties of the magnetic strings arising from a medium which is
somewhat close to the (semi-classical) ground state.
For technical simplication, we approximate the total squared eld strength























Again, this approximation is justied, if the instanton gas is dilute. Alternatively,
we can interpret the use of (22) in (20) as a change of the gauge choice.
For a single instanton, the magnetic monopole occurs at the instanton center,
and the string extends from the center to innity. Let us also briey discuss the














































Figure 3: The color-magnetic strings in coordinate space for N = 10 (left) and
N = 300 (right) instantons inside a box of side length 20 .













(~x) is the functional
~
 (20) evaluated with the i-th instanton conguration.




(~x), evaluated at the center of the rst instanton, to
the above equation is small, we expect a monopole occurring close to each instanton
center. In addition, one nds a further monopole in between the two instantons.




(~x) in (23) are small and
cancel each other. Figure 4 qualitatively shows the behavior of the magnetic string,
if two instantons are present. The generic picture for many instantons is that a
string of nite length is attached to a point close to each instanton center.
In order to be precise, we have calculated the positions of the strings arising
from a multi-instanton medium, when the quantity (20) satises the conditions (12).
12
































Figure 4: The distribution of the string length for N = 50 (left) and N = 150 (right)
instantons.
Figure 3 shows the color-magnetic strings in coordinate space. The calculation was
done for N = 10 and N = 300 instantons, and the positions and orientations of the
instantons are chosen randomly. One observes that if the instanton density increases
the length of the strings decreases.
By investigating several thousands of samples of strings inside the box, we ex-
tracted the string length distribution. The result is shown in gure 4. One observes
a peak in the distribution at length  2:3  which is independent of the instanton
density, whereas the bulk of the distribution strongly depends on number of instan-
tons inside the box. The peak structure could arise from string congurations the
length of which is determined by the properties of a single instanton rather than by
the average instanton distance, e.g. by closed strings looping around the instanton
center.
Finally, we present the relation between the string length and the inter-
instanton distance (gure 4). At small densities (large R), the string length scales
with the average distance R between the instantons. If this average distance is
smaller than a critical distance R
c
 4 , the string length almost stays constant. A
possible explanation is the following: at small instanton densities, the string length
associated with a particular instanton is limited by the neighboring instanton. If the
density increases, the strings start to percolate between the instantons, and therefore
their lengths depend on the instanton radius rather than on R. Although specic
properties of string congurations might change, if the dilute gas approximation is
abandoned, we do not expect signicant changes in the gross features of the string
13














/ρ Figure 5: The average
length of the color-magnetic




Let us comment on the physical implications of the string distribution. If a
magnetic string pierces the minimal surface spanned by a Wilson loop, we expect a
non-vanishing contribution to Wilson's integral. The average length of the strings
is therefore of crucial importance, since it determines the average number of strings
piercing the surface. In a forthcoming publication, we will study the contribution
of the strings to the Wilson loop in a quantitative manner.
5 Conclusions
We have studied the emergence of magnetic monopoles and strings in the Abelian
projection (see e.g. [4]), which had been brought into question by recent papers [6,
8, 9]. We have argued that magnetic strings are the relevant infra red dominant
degrees of freedom rather than monopoles. This conjecture is based on two ob-
servations: rstly, Abelian monopoles are an artifact in the sense that they always
appear whenever a residual U(1) gauge degree of freedom remains unxed. Secondly,
magnetic strings rather than monopoles appear in the non-Abelian eld strength.








. This implies that the charged gauge potentials carry as much




The above conjecture received support from lattice calculations [8]. It was ob-
served that the string tension can be reproduced by assuming a "center dominance".
Within this approximation, the residual U(1) gauge-symmetry on the lattice is fur-
ther reduced to a local Z
2
symmetry, and the ground state of such a lattice model
is known to be dominated by vortices rather than by monopoles.
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In this paper, we did not further pursue the phenomenology of a string dom-
inated ground state|this is left to a forthcoming publication|, but studied the
properties of the strings which arise from a dilute instanton gas. Although this is
not a very realistic model for the Yang-Mills vacuum [14], it should suce to obtain
rst insights into string properties at least at nite temperatures. We found that the
string length scales with the average instanton distance at small instanton densities,
whereas the length depends only on the instanton radius at higher densities. An
interesting issue for future investigations would be the identication of the strings
on the lattice, and the study of their impact on connement.
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